The objective of this paper is to provide an efficient and reliable analytical expression for the Einstein integrals using the binomial expansion theorem and power series. The obtained analytical expressions are valid for all values of their parameters. The algorithm can be used in the software and simulation programs. By comparing the literature results, the obtained results show that our evaluation method gives reliable computational efficiency.
INTRODUCTION
In order to continue the economic and cultural developments along a river, it is essential to understand principles of sediment transport for application to the solution of some engineering and environmental problems [1, 3] . For this reason, many sediment transport equations developed based on different approximations to predict bed load transport rates. The Einstein bed load function is one of the developed equations [1, 2, 4, 8, 12, 14] .
The computation of Einstein bed load function requires the calculation of integrals J 1 and J 2 [8, 13] . Various methods have been used for the solution of these integrals [3, 5, 6, 8, 13] . Einstein [3] used the numerical integration technique to introduce a graphical solution for the calculation of these integrals. Guo and Hui [5] and Guo and Wood [6] obtained an analytical expression for solution of 1 integrate using the Beta function. On the other hand, Guo [7, 8] used the binomial theorem and psi function to solve 1 and 2 integrals.
The aim of this work is to provide an accurate analytical method to estimate the Einstein integrals that the method will be simply applied in software programs.
THE EINSTEIN INTEGRALS AND METHOD
The Einstein integrals examined in the present work is defined [3] 1 ( ) = ∫ ( 1− )
1
(1) and
in which Rouse number z express the ratio of the sediment properties to the hydraulic characteristic of the flow, is relative layer thickness to water depth [11, 13] .
In order to obtain the integration of J 1 (z), Eq. (1), it is used the following binomial expansion theorems for an arbitrary real or complex n series and |x| > |y| (see Refs. [9, 10, [15] [16] [17] ).
where 0 ( ) = 1 and
It is noticed that for < 0 the binomial coefficient ( ) in Eq. (4) is zero and the positive integer n terms with negative factorials do not contribute to the summation. Γ( ) is defined by well-known gamma functions [9] Γ( ) = ∫
1 ( ) for non-integer z can rewrite in the following form:
Taking into account Eq. (5) in Eq. (6), it is obtained the following formulas for the 1 ( ) integrate:
Where
).
For any integer z of 1 ( ) integral, one can obtain the following formulas by a simple transformation
where
(12) and
The 2 ( ) integral in Eq.(2) can be handled in similar way. In this context, Eq. (2) can rewrite in the following form:
For non-integer z value of 2 ( ) integral, it can be obtained the following formula for by applying the binomial expansion theorem given by Eq. (5) in Eq. (14),
For integer z of 2 ( ) integral, one can show that the following solution exists by applying a simple transformation in Eq. (2),
in which
and
Several efficient methods for the calculation of 1 and 2 integrals given by Eqs. (1)- (2) have been proposed by various authors [8, 13] .
RESULTS AND DISCUSSION
In this paper we present an efficient and simple approximation to Einstein integrals 1 and 2 . This approximation is valid over the entire values (integer and non-integer) of z and the bed-layer thickness E. The results of the calculations for 1 and 2 integrals are shown in Tables 1 and 2 . The results obtained from literature [3, 13] with Mathematica are also shown in Tables 1 and 2 . Table 1 shows the calculations for 1 and 2 integrals with the literature results for non-integer values z [3, 13] . Like Table 1, Table 2 presents the calculations for 1 and 2 integrals with the literature results for integer values z. As can be seen from Tables 1 and 2 , the obtained results are in excellent agreement with the literature results. 
